In this paper, we establish BMO and Lipschitz norm inequalities for the composition of Green's operator and the potential operator. We also investigate the relationship among the Lipschitz norm, the BMO norm and the L p -norm. Finally, we display some examples for applications. MSC: Primary 35J60; secondary 31B05; 58A10; 46E35 Keywords: differential forms; Lipschitz norm; BMO norm; Green's operator; potential operator
Introduction
Differential forms are extensions of functions and can be used to describe various systems in partial differential equations (or PDEs), physics, theory of elasticity, quasiconformal analysis, etc. Differential forms have become invaluable tools for many fields of sciences and engineering; see 
where J = (j  , j  , . . . , j ),  ≤ j  < j  < · · · < j ≤ n, are the ordered -tuples. Moreover, if each of the coefficient J (x) of (x) is differential on , then we call (x) a differential -form on and use D ( , ∧ ) to denote the space of all differential -forms on . C ∞ ( , ∧ where T is called a homotopy operator. For the homotopy operator, we know that
In this paper, we focus on a class of differential forms satisfying the well-known nonhomogeneous A-harmonic equation
where
Here a, b >  are some constants and  < s < ∞ is a fixed exponent associated Green's operator and the potential operator are of quite importance in the study of potential theory and nonlinear elasticity; see [, , , -] for more properties of these two operators. In many situations, the process of studying solutions of PDEs involves estimating the various norms of the operators. However, the study on the composition of the potential operator and other operators is yet to be fully developed. Hence, we are motivated to establish some norm inequalities for the composite operator G • P applied to differential forms.
It is well known that Lipschitz and BMO norms are two kinds of important norms in differential forms, which can be found in [] . Now we recall these definitions as follows. http://www.journalofinequalitiesandapplications.com/content/2013/1/26
for some ρ ≥ . Further, we write Lip k ( , ∧ ) for those forms whose coefficients are in the usual Lipschitz space with exponent k and write Lip k , for this norm. Similarly, for ∈ L  loc ( , ∧ ), = , , . . . , n, we write ∈ BMO( , ∧ ) if
for some ρ ≥ . When is a -form, equation (.) reduces to the classical definition of BMO( ). As to the definitions of the weighted Lipschitz and BMO norms, we will present them in Section . The purpose of this paper is to derive the Lipschitz and BMO norm inequalities for the composition of Green's operator G and the potential operator P applied to differential forms.
Estimates for Lipschitz and BMO norms
In this section, we establish the estimates for Lipschitz and BMO norms for the composite operator G • P. We need the following lemmas and definition.
The following inequality is the well-known Hölder inequality and gets proved with the Cauchy-Schwarz inequality in [] .
Remark If μ is a Lebesgue measure, that is, dμ = dx, then (.) reduces to the inequality The following definition is introduced in [] .
is said to satisfy the standard estimates if there exist α,  < α ≤ , and a constant C such that for all distinct points x and y in R n and
The following L p -norm and Lipschitz norm inequalities for the composition G • P of Green's operator and the potential operator appear in [] .
be the potential operator defined in (.) with the kernel K(x, y)
satisfying the condition () of the standard estimates (.) and G be Green's operator. Then there exists a constant C, independent of , such that 
where k is a constant with  ≤ k ≤ . 
Lemma . [] Let ϕ be a strictly increasing convex function on [, ∞) with ϕ() =  (that is, ϕ is a Young function), and D be a bounded domain in
where C is a positive constant. http://www.journalofinequalitiesandapplications.com/content/2013/1/26
Using Lemma . with ϕ(t) = t p and w(x) =  over the ball O, we obtain
where C is a constant. 
where k is a constant with  ≤ k ≤ .
Proof From Lemma . and (.), we obtain
From the decomposition (.), (.) and (.), we have
Combining (.) with (.) yields
Using the definition of the Lipschitz norm, (.) with  = /p + (p -)/p and (.), for any ball O with O ⊂ , it follows that
From Lemma ., we have
for any closed form c and any ball O with ρ  O ⊂ , where ρ  >  is a constant.
Since is a solution of equation (.) and c is a closed form, -c is also a solution of equation (.). By Lemma ., we obtain
Combining (.), (.) and (.), we obtain
for any closed form c. Since c is any closed form in (.), we may choose c = ρ  O in (.). By the definitions of the Lipschitz norms, and noticing  ≤ k ≤ , we find that
The proof of Theorem . has been completed.
We have developed some estimates for the Lipschitz norm · locLip k , . Now, we establish the following theorem between the Lipschitz norm and the BMO norm. http://www.journalofinequalitiesandapplications.com/content/2013/1/26
where C is a constant.
Since G(P( )) is a differential form when is a differential form, we have the following theorem.
Theorem . If a differential form G(P(
where the definitions of G and P are the same as in the preceding theorem.
Based on the above results, we estimate the BMO norm
be a differential form in a bounded convex domain , G be Green's operator and P be the potential operator defined in equation (.) with the kernel K(x, y) satisfying the condition () of the standard estimates (.).
Then there exists a constant C, independent of , such that
Proof From Lemma ., we have
Using Theorem . and (.), it follows that
The proof of Theorem . has been completed.
Similar to the proof of Theorem ., using Theorems . and ., we can prove the following theorem. 
Two weight estimates
In this section, we discuss the weighted Lipschitz and BMO norms
for some ρ > , where is a bounded domain. The measure μ is defined by dμ = w(x) α dx, w is a weight and α is a real number. For convenience, we will write the simple notation
for some ρ > , where the measure μ is defined by dμ = w(x) α dx, w is a weight and α is a real number. Again, we will write BMO( , ∧ ) to replace BMO( , ∧ , w α ) when it is clear that the integral is weighted. 
Definition . [] A pair of weights (w
for all balls O with ρO ⊂ , where ρ >  and α are two constants with  ≤ α < λ. , w  (x)) ∈ A r,λ ( ) for some λ ≥  and  < r < ∞ with w  (x) ≥ >  for any x ∈ . Then there exists a constant C, independent of , such that
where k and α are constants with  ≤ k ≤  and  < α ≤ .
for any ball O. Using (.) and Lemma . with  = /p + (p -)/p, it follows that
Notice that  -/p + /n -k/n >  and | | < ∞, from (.), (.) and (.), we obtain
The proof of Theorem . has been completed.
We now estimate the · , ,w α  norm in terms of the L p -norm. Proof From (.) and (.), it follows that
where C  is a positive constant. Replacing by G(P( )) in (.), we find that
where k is a constant with  ≤ k ≤ . From Theorem ., we obtain
Substituting (.) into (.), we have
We have completed the proof of Theorem ..
Applications
If we choose A, B to be a special operator, for example, We may make use of the following two specific examples to conform the convenience of the inequality (.) in evaluating the upper bound for the BMO norm of G(P( )). Obviously, we may take advantage of (.) to make this estimating process easy, without calculating G(P( )) , in a complicated way. First, by simple computation, we have
This implies that satisfies (.).
Observe that 
